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 Abstract 
  

Introduction. The process of sugar crystallization is complex 
and non-linear, necessitating automatic control and management. 
However, the lack of instruments for directly measuring solution 
supersaturation and crystal growth highlights the need for 
improvements in the control system. 

Materials and methods. The automation system for the 
process of sugar crystallization in a vacuum apparatus consists of 
sensors, converters of actuators, regulatory bodies, a 
microprocessor controller and an operator station with a SCADA 
program. The automation system algorithms are implemented in 
software in the controller and operator station. 

Results and Discussion. The amount of initial syrup in the 
vacuum apparatus significantly affects the dry substance content 
in the massecuite. A high dry substance content ensures high-
quality massecuite and promotes efficient crystallization. The 
optimal initial syrup concentration for achieving the standard dry 
matter content in massecuite 92% is 33%, but it can vary between 
25% and 35%. An increase in the initial syrup concentration raises 
the average temperature of the massecuite during crystallization, 
which can negatively impact the final product quality. Therefore, 
temperature control by adjusting the initial syrup amount is crucial 
for optimal crystallization and producing a high-quality product. 

The deformation gradient, constructed based on dry substance 
content and temperature parameters, reflects changes in the 
crystallization process. These parameters directly influence 
system properties, which is vital for optimizing the vacuum 
apparatus process. The obtained surfaces with first-rank strain 
tensors at 25% and 35% initial syrup values indicate changes in 
the strain gradient during crystallization. Key aspects such as 
volume change, strain tensor divergence, velocity, and 
acceleration are essential for calculating and analyzing the gain, 
time constant, and delay time in the vacuum sugar crystallization 
process. 

Conclusions. Attributes of the crystallization process such as 
the amplification factor, time constant, and delay time are crucial 
for configuring and enhancing automated system operations, as 
precise calculations allow for improving control in automation 
systems. 
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Introduction  
 

The peculiarity of the crystallization process lies in maintaining the necessary level of 
supersaturation of the solution, which ensures the formation and growth of crystals (Barrett 
et al., 2010). The supersaturation of the solution along the crystallizer determines its 
efficiency and requires a detailed mathematical model for control (Mazaeda et al., 2012). 
Due to the complexity of the process and the lack of reliable devices for direct measurement 
(Hassani et al., 2001), understanding the kinetics of crystal nucleation and growth, including 
physical mechanisms like aggregation, is crucial (Eggleston et al., 2011). Consequently, 
sugar crystallization is a non-linear and unstable process where key parameters such as 
mother liquor purity and supersaturation cannot be measured by existing sensors (Meng et 
al., 2019). 

Studies have shown that impurities in the solution and massecuite suppress the 
crystallization process by specific mechanisms of inclusion on different faces of the growing 
crystal. These mechanisms include adsorption on the crystal surface, inclusion of liquid 
impurities, and co-crystallization (Azevedo et al., 1989, Schlumbach et al., 2017). A 
characteristic feature of the crystallization process in a vacuum apparatus is the interaction 
between continuous and periodic processes (Cutz et al., 2014). The main feature is that sugar 
crystallization is carried out in a mode that requires precise control of temperature, pressure, 
and steam flow, with constant adjustment in the control system (Garcia et al., 2002; Ibis, 
2024; Zhang et al., 2020). This process involves cyclic heating and cooling, which affects 
the efficiency of evaporation (Castro et al., 2022). 

Due to the lack of a reliable model describing the crystallization process, automatic 
crystallization control is often based on indirect measurements (Grondin-Perez et al., 2006; 
Lauret et al., 2000). Key parameters such as solution purity, supersaturation, crystal size, and 
content are difficult to measure directly (Suárez et al., 2011). The primary task of 
management is to monitor the supersaturation of the solution, which can be calculated 
through indirect measurements (Morales et al., 2023). The control process requires the use 
of indirect methods and mathematical models to estimate the saturation of the solution and 
adjust the control system settings (Bonnecaze et al., 2004; Mkwananzi et al., 2019; Prada et 
al., 2015). 

The complexity of the crystallization process model and the adjustment of model 
parameters limit the possibility of its implementation in control systems (Meng et al., 2019; 
Villani et al., 2004). Control of the crystallization process in a vacuum apparatus has unique 
features due to its dynamic nature (Alvarado et al., 2024; Simoglou et al., 2005; Suárez et al., 
2011). An important aspect is the effect of changing the operating mode on the transfer 
coefficient and the time constant of each control loop, which determine the system's response 
speed (Merino et al., 2018). The non-linearity of the processes means that changes in input 
parameters do not lead to proportional changes in output parameters, complicating the control 
system's operation (Zamarreño et al., 2000). The system must adapt to different phases of 
crystallization, fluctuations in external conditions, and wear of system components to 
maintain stable conditions and ensure high-quality final products (Georgieva et al., 2003; 
Ohara et al., 2012). This requires operators to constantly monitor and adjust settings, making 
the process of automating crystallization complex but necessary to achieve optimal results. 

To control and analyze the quality of the crystallization process, pH measurement, 
dynamic light scattering, mechanical spectroscopy, and image processing methods using 
neural networks for automated monitoring are used (Grondin-Perez et al., 2005; Lauret et al., 
2000; Meng et al., 2019). Traditional image processing methods analyze features such as 
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shape, color, and texture but often have poor pattern generalization capabilities. In sugar 
crystallization, neural networks enable the creation of high-precision models for the 
classification of crystal images, optimizing production processes in the food industry 
(Grondin-Perez et al., 2005; Lauret et al., 2000; Meng et al., 2019). Accordingly, the 
automated system should be flexible enough to quickly respond to changes and provide 
effective regulation and optimal crystallization conditions (Merino et al., 2018). Furthermore, 
an intuitive graphical interface is essential for allowing operators to easily interact with the 
system (Cutz et al., 2014; Georgieva et al., 2003; Suárez et al., 2011).  

Considering the measurable and non-measurable parameters of technological processes, 
the hierarchical and distributed nature of production inherent in food industry processes 
(Santos et al., 2008; Sidletskyi et al., 2019), and the specific process of sugar crystallization 
in a vacuum apparatus remain unresolved challenges. To address the challenges of processing 
large volumes of information, particularly for neural networks and artificial intelligence 
methods, data is presented in tensor form (Che et al., 2017; Karagoz et al., 2020). Tensor and 
finite element methods are already employed in electrodynamics, mechanics, gravitational 
field theory, elementary particle physics, the study of crystal properties, and differential 
geometry (Döhler et al., 2012; Hu et al., 2015). These methods were similarly used in 
developing a reliable regulator for aircraft (Kuntanapreeda, 2018). However, in that work, 
the construction of the regulator involved processing an already developed classical model 
in the state space using tensor analysis methods. 

Given that the crystallization process is non-linear and non-stationary, and is part of the 
hierarchical and distributed sugar production chain, this work proposes investigating changes 
in the attributes of the crystallization process that affect the automation system settings. These 
attributes are derived from continuity equations and are presented in tensor form.  

 
 
Materials and methods 
 
The process of sugar crystallization was studied to enhance quality and reduce costs. 

Technical means are employed to control temperature and other parameters, followed by data 
analysis. Based on this analysis, trends in process parameter changes were calculated, 
enabling adjustments to automated control systems. 

The research focuses on the crystallization of sugar in a vacuum apparatus, specifically 
the methods and approaches for controlling automated systems. The objective is to identify 
trends in the parameters of the crystallization process that influence the settings of automated 
control systems. 

 
Equipment and technical means of the automation system 
 
The automation system of the vacuum apparatus employs various technical means 

(Wilson et al., 1991), including sensors, converters, actuators, control bodies, a 
microprocessor controller (PLC – Programmable Logic Controller), and an operator station 
(AW) with SCADA (Supervisory Control and Data Acquisition) software (Behary et al., 
2004). A fragment of the automation system, specifically the temperature and viscosity 
control circuits, is illustrated in Figure 1. 
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Figure 1. Fragment of vacuum apparatus automation system 

TE- Temperature Element, TT – Temperature Transmitter, TIC – Temperature Indicator 
Controller, HC – Hand Controller, TY – Electropneumatic Converter, AE- Analytical Element, 

AT – Analytical Transmitter, AIC – Analytical Indicator Controller, AY – Electropneumatic 
Converter. 

 
Temperature is measured using a resistance thermocouple (1a). The primary converter 

in device (1a), along with the converter (1a) at the site, converts the temperature value into a 
standardized direct current signal of 4-20 mA. The nominal supply voltage (direct current) is 
24V. Since the normalizing converter is directly mounted in the measuring head of the sensor, 
two conductors are used to connect the converter. The standardized current signal, according 
to the "current loop" scheme, is sent from the normalizing converter to the secondary 
indicating and regulating device – the microprocessor PID regulator (1b) and to channel 4 of 
the controller's analog input module. The local regulator operates in manual mode when the 
system is started. 

The control action from the analog output of the regulator, through the normally closed 
relay contact, or from the analog output module of the controller, through the normally open 
contact, is sent to the manual control unit (1c). The manual control unit is used to switch 
control circuits of executive devices. In automatic mode, the control action goes directly to 
the actuator from an external analog regulator (if manual control is necessary) or the 
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controller. In manual mode, the control action on the actuator is formed using the built-in 
potentiometer (1c). The control signal from the output (1c) is sent to the electro-pneumatic 
converter (1d), which converts the continuous electrical DC (Direct Current) signal in the 
range of 4-20mA into the corresponding output analog pneumatic signal (20-100kPa). The 
analog pneumatic signal is fed to the integral pneumatic positioner, which is used with the 
pneumatic 2-way control valve (1e) to provide an accurate valve stem position proportional 
to the input signal received from the control device. Information about the regulator's 
operation is stored in the PC memory. 

The high-frequency concentration analyzer is a sensor used to measure the solids in 
solution and massecuite (2a). The unified current signal, following the "current loop" scheme, 
is supplied from the normalizing converter (2a) to the secondary indicating and regulating 
device (11b) and to the input of the analog input module of the PLC. The control action from 
the analog output of the regulator is sent to the manual control unit 2b), and then to the 
electro-pneumatic converter (2d), which converts a continuous electrical DC in the range 
from 4 to 20 mA into a corresponding output analog pneumatic signal (20 – 100 kPa). This 
pneumatic signal is supplied to an integral pneumatic positioner, which is used with the 
SAMSON 3278 (2e) pneumatic 2-way control valve to ensure precise valve stem positioning 
proportional to the input signal from the control device. 

 
Processing of incoming information 

 
Data on the operation of the crystallization process and the control system are stored in 

the operator station (AW) with the SCADA program. The stored data consists of a set of 
time-stamped parameter values (Dogbe et al., 2018). 

Based on the saved data, attributes (amplification factor, time constant, delay time) of 
the crystallization process necessary for calculating the settings of the vacuum apparatus 
automation system are determined. To evaluate changes in gain, time constant, and delay 
time, factors such as strain gradient, volume, divergence, velocity, and acceleration are 
considered. 

 
 
Results and discussion  
 
Representation of the technological process of crystallization in tensor form  
 
The importance of the initial syrup amount in the vacuum apparatus is determined by 

its effect on the dry substance content in massecuite. Studies have shown that to achieve the 
normative dry substance content in massecuite (СРmassecuite = 92%) the optimal initial syrup 
value is Gbeginning = 33% (Kotcubansky et al., 2012). High dry substance content ensures high-
quality massecuite and contributes to an efficient crystallization process. Thus, controlling 
the initial syrup amount is crucial to obtaining a product of the required quality and avoiding 
issues associated with excessive massecuite viscosity, which can negatively impact 
crystallization. The initial syrup amount also significantly affects the dry substance content 
in the intercrystalline solution. An increase in the dry substance content in the solution 
worsens crystallization conditions due to higher sugar solution viscosity, which complicates 
heat transfer and raises the solution's average temperature (Kotcubansky et al., 2012). This 
leads to increased sucrose solubility and thermal decomposition, adversely affecting the final 
product. Therefore, maintaining the optimal initial syrup amount is critical for the stability 
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and efficiency of the crystallization process. 
Temperature also varies significantly with the initial syrup amount. A higher initial 

syrup concentration leads to an increased average massecuite temperature during 
crystallization, which can negatively affect the final product quality (Kotcubansky et al., 
2012). Elevated temperatures contribute to sucrose decomposition, reducing crystalline sugar 
yield and quality. Thus, temperature control by adjusting the initial syrup amount is vital for 
ensuring an optimal crystallization process and achieving a high-quality product.  

Considering the above, the values [ܥ௨௧ , ௥ܥ , ܶ], were formed based on the dry substance 
content in the solution and massecuite, accounting for temperature regimes for different 
initial syrup values, where (ܥ௨௧) – is the dry substance content in massecuite, (ܥ௥) – is the 
dry substance content in the solution, and (ܶ)  – is the temperature. The vector ௜ܺ =
ଵ௜ݔ] , ଶ௜ݔ , ்[ଷ௜ݔ  represents the initial syrup value, and vector ௜ܻ = ଵ௜ݕ] , ଶ௜ݕ , ்[ଷ௜ݕ  represents 
the changed technological mode. Vector multiplication results in a surface in local spatial 
coordinates (Sidletskyi, 2019). Figure 2 illustrates the transition to spatial local coordinates. 

 
Figure 2. Transition from one technological regime to another depicted in local spatial 

coordinates 
 
The deformation tensor is defined as the derivative of the displacement vector along 

spatial coordinates, describing how material points move relative to each other in space 
(Sperling et al., 2023). The strain gradient ࡲ describes changes in the position of a material 
point in space, encompassing linear transformations such as rotation and stretching, and is a 
rank 2 tensor (Baár et al., 2020; Horák et al., 2019, Sidletskyi et al., 2020): 
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where ݔ, ,ݕ ,ܺ are the current coordinates of the point, and ݖ ܻ, ܼ are the initial coordinates. 

The deformation tensor E is a symmetric tensor of the 2nd rank, describing quadratic 
deformations without considering rotation. It is related to internal deformations and the 
deformation energy of the material, defined through the deformation gradient F: 

۳ = ଵ
ଶ

۴܂۴) − ۷)                                                      (2) 
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where I is the identity matrix. 
For a general description of the energy balance (Loubser, 2004; Petrenko et al., 2020; 

Singh, 2019) of the thermal crystallization process, the thermal conductivity equations were 
used: 

௣ܿߩ ቀడ்
డ௧

+ ࢜ ⋅ ∇ܶቁ = ∇ ⋅ (݇∇ܶ) + ܳ                                      (3) 
where:  
-  ܶ is temperature, (K) 
- ܿ௣ is specific heat capacity, (J/(kg·K)) 
- ݇ is thermal conductivity, (W/(m·K)) 
- ܳ represents heat sources, (W) 
 is the density (concentration of dry substances), (kg/m³) ߩ -
- ∇ denotes divergence (vector operator) 
- ࢜ is the velocity of the material (m/s) 

To describe the mass balance (Hassani et al., 2001; Hrama et al., 2019; Pohorilyi, 2023; 
Suárez et al., 2011), which accounts for the change in dry substance concentration in the 
massecuite and solution, the equation is:  

 
ப஡
ப௧

+ ∇ ⋅ (ρݒ) = 0                                                      (4) 
where: 
 ,is the density (concentration of dry substances) ߩ -
- ࢜ is the velocity of the material. 

By combining these equations, we get: 
For mass balance: 
 

ப஡
ப௧

+ ∇ ⋅ (ρݒ) + ρ(∇ ⋅ (ܨ = 0                                         (5) 
For heat balance: 

௣ܿߩ  ቀడ்
డ௧

+ ࢜ ⋅ ∇ܶቁ = ∇ ⋅ (݇∇ܶ) + ܳ + ∇)௣ܿߩ ⋅  (6)                      ܶ(ܨ
For concentration change: 

 డ஼
డ௧

+ ∇ ⋅ (࢜ܥ) = ܥଶ∇ܦ + ∇)ܥ ⋅  (7)                                    (ܨ
where: 
 ,is the concentration of dry substances, (kg/m³) ܥ -
 .is the diffusion coefficient (m²/s) ܦ -

The additional terms ߩ(∇ ⋅ ∇)௣ܿߩ і (ܨ ⋅  в account for volume change due to the ܶ(ܨ
strain gradient.  

The divergence of the deformation tensor ∇ ⋅  characterizes the volume change in the ܨ
system (Wang et al., 2020). Divergence of the deformation gradient: 

∇ ⋅ ܨ = பி
ப௑

+ பிమమ
ப௒

+ பிయయ
ப௓

                                            (8) 
Considering the deformation gradient and its divergence in the continuity equations for 

mass and heat allows for the accurate description of mass and energy transfer processes in 
the crystallization system, including volume change, dry substance concentration, and 
temperature distribution. Therefore, the divergence of the deformation gradient ∇ ⋅  can be ࡲ
considered an indicator of changes in the internal state of the system, which can be used as 
an amplification factor in the automated control system. 
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Control system parameters as components of the deformation gradient of the 
technological process 

 
In our case, the divergence of the deformation gradient shows how quickly the system 

parameters (solids content and temperature) change in space. This can be interpreted as a 
measure of the sensitivity or gain that the system applies to its internal parameters 
(Chowdhury et al., 2022; Pedersen et al., 2015; Tabassum et al., 2024; Tuttle et al., 2021). If 
the divergence of the strain gradient is large, it may indicate high concentration and 
temperature gradients, suggesting rapid changes in the system. Thus: 

௣ܭ = ∇ ⋅  (9)                                                                ܨ
where ܭ௣  is the amplification factor determined by the divergence of the deformation 
gradient. 

The speed and acceleration of the deformation gradient can be interpreted as dynamic 
characteristics of the system. Accordingly, the time constant ߬ is a characteristic of a dynamic 
system that determines how quickly the system responds to changes in the input signal. In 
first-order systems, this is the time it takes for the system response to reach approximately 
63% of its final value after a disturbance. The delay time ௗܶ  is the time delay between the 
application of a disturbance to the system and the start of its response. 

To determine the time constant and delay time of the system, consider a simplified 
model of a first-order system with a delay: 

 
(ݏ)ܩ = ௄௘ష೅೏ೞ

த௦ାଵ
                                                             (10) 

where (ݏ)ܩ is the transfer function of the system, ܭ is the gain factor, τ is the time 
constant, and ௗܶ  is the delay time. 

The rate of change of parameters (such as the concentration of dry substances or 
temperature) can be linked to the time constant of the system. A high rate indicates a fast 
response to changes, suggesting a smaller time constant. 

Acceleration, representing the change in velocity over time, is related to the dynamic 
response characteristics of the system. However, additional aspects must be considered to 
determine the delay time accurately. 

As previously mentioned, it is assumed that the deformation gradient ܨ describes the 
change in the concentration of dry substances and temperature. Thus, the rate of change of 
the deformation gradient can be expressed as: 

ݒ = பி
ப௧

                                                               (11) 
Acceleration characterizes the change in speed over time, aiding in the evaluation of the 

system's dynamic behavior and potential delays: 
ܽ = பమி

ப௧మ                                                               (12) 
The time constant τ can be estimated as the inverse of the system response rate: 

τ ≈ ଵ
|௩|                                                             (13) 

An analysis of the system's response to a disturbance can estimate the delay time. If 
there is a known delay before the system begins to change parameters, this delay time can be 
estimated as: 

ௗܶ ≈ ଵ
|௔|                                                             (14) 

 



─── Processes and Equipment ─── 

─── Ukrainian Food Journal.   2024.  Volume 13. Issue 2 ─── 374 

Deformation gradient in local spatial coordinates 
 
When studying the crystallization process in the vacuum apparatus, 25% initial loading 

and 35% final loading were used. According to (Kotcubansky et al., 2012), this approach 
allows for a comprehensive understanding of the crystallization process at different loading 
levels. This choice enables the analysis of a wide range of syrup concentrations, which helps 
to investigate how concentration changes affect the crystallization process. Analyzing the 
range of possible changes in the technological process is necessary to obtain optimal process 
conditions. The resulting parameter changes, from the initial to the final stage, reflect the 
dynamics of the process. This approach facilitates understanding how heat is effectively 
transferred at different syrup concentrations, which is crucial for maintaining a stable 
crystallization process and avoiding overheating or underheating (Kotcubansky et al., 2012, 
Petrenko et al., 2020, Pohorilyi, 2023). This comprehensive analysis of the crystallization 
process allows for the optimization of technological parameters and ensures high quality of 
the final product. Figures 3 and 4 present simplified graphs of the content of dry substances 
in massecuite, the content of dry substances in the solution, and temperature. The graphs 
were constructed by interpolating the points given in (Kotcubansky et al., 2012). 

 
Figure 3. Simplified graphs of changes in dry matter at 25 and 35% initial loading of the 

apparatus: 
1 – Dry matter in massecuite for 25% from initial loading of the apparatus; 
2 – Dry matter in syrup for 25% from initial loading of the apparatus; 
3 – Dry matter in massecuite for 35% from initial loading of the apparatus; 
4 – Dry matter in syrup for 35% from initial loading of the apparatus; 

*Time – dimensionless time, calculated as the ratio of the current time to the total crystallization time. 
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Figure 4. Simplified graphs of temperature changes at 25% and 35% from initial loading of the 
apparatus: 

1 – Temperature mode for 25% from initial loading of the apparatus; 
2 – Temperature mode for 35% from initial loading of the apparatus. 

*Time – dimensionless time, calculated as the ratio of the current time to the total crystallization time. 
 
 
Based on the data shown in Figures 3 and 4, and the dependencies in Section 2.3, the 

surfaces of the deformation gradient of the crystallization process in spatial coordinates were 
obtained. For analysis, the data were modified as follows:  
 Figure 5a: The surface is constructed at 25% and 35% from initial loading of the device 

using the data shown in Figures 3 and 4. 
 Figure 5b: The surface is constructed at 25% and 35% from initial loading of the device, 

but for the 25% mode, the temperature is considered constant with the initial value. 
 Figure 5c: The surface is constructed at 25% and 35% from initial loading of the device, 

but for the 35% mode, the temperature is considered constant with the initial value. 
 Figure 5d: The surface is constructed at 25% and 35% from initial loading of the 

apparatus, with temperatures considered constant with the initial value. 
 

After analyzing the obtained surfaces, we found that surfaces a and d have the most 
significant changes. Therefore, for further calculations and research, the corresponding 
deformation gradients of the crystallization process were taken. The deformation gradient 
constructed according to the parameters of dry substance content and temperature reflects 
changes in the crystallization process. These parameters directly affect the system properties, 
which is crucial for optimizing the process in a vacuum apparatus. 

56

57

58

59

60

61

62

63

64

0 20 40 60 80 100

Te
m

pe
ra

tu
re

, º
C

Time

1

2



─── Processes and Equipment ─── 

─── Ukrainian Food Journal.   2024.  Volume 13. Issue 2 ─── 376 

a   b  

c  d   
 

Figure 5. The strain tensors constructed at 25% and 35% from initial loading of the device and the data shown in Figures 3 and 4
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Amplification factor for the vacuum apparatus at different loading values 
 
Figures 6 and 7 show the changes in the volume of the deformation gradient and the 

divergence of the deformation tensor at 25% and 35% from initial loading of the apparatus. 
These are key aspects for calculating and analyzing the amplification factor in the 
crystallization process of sugar in a vacuum apparatus.  

 
Figure 6. Volume, divergence, and amplification factor at 25% and 35% from initial loading of 

the device and the data shown in Figures 3 and 4.  
 

The change in the volume of the deformation gradient reflects the interaction between 
the thermal and mechanical properties of sugar during crystallization. Considering these 
changes allows for accurate modeling of heat transfer and mechanical stresses affecting the 
crystallization rate. The divergence of the deformation gradient, which shows the spatial 
distribution of deformations, helps identify areas with the highest concentration of 
mechanical influences. This provides a more detailed process analysis, enabling the 
determination of optimal conditions for achieving the desired gain. 

By analyzing changes in the volume and divergence of the deformation gradient, it is 
possible to accurately determine the parameters affecting the efficiency of the crystallization 
process. For example, changes in the volume of the deformation gradient help assess the 
influence of pressure and temperature on sugar crystal formation. Divergence shows how 
changes in mechanical stress affect the uniformity and size of crystals. This allows for the 
optimization of conditions in the vacuum apparatus to achieve the maximum amplification 
factor, critical for industrial process efficiency. Consequently, using these parameters 
provides a deeper understanding of the crystallization mechanisms, improving the quality of 
the final product 
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Figure 7. Volume, divergence, and amplification factor at 25% and 35% from initial loading of 

the device and the data shown in Figures 3 and 4 with constant process temperatures.  
 
 

Changes in speed and acceleration as components of the constant time and delay 
time for the vacuum apparatus at different loading values  

 
 
The change in the volume of the deformation gradient and the divergence of the 

deformation gradient allow for the calculation and analysis of the rate of change in velocity 
and acceleration during the sugar crystallization process in a vacuum apparatus. By analyzing 
these parameters, we can determine how quickly crystallization conditions respond to 
changes in thermal and mechanical conditions. This, in turn, allows us to calculate the time 
constant, which characterizes the speed of the process's reaction to changing conditions. 
Measuring acceleration, as the second derivative of the deformation gradient, helps assess 
the system's dynamic properties and identify potential instabilities. These parameters thus 
assist in precisely regulating the process to achieve optimal crystallization conditions. 

Furthermore, the divergence of the deformation gradient helps determine the delay time, 
which is crucial for controlling the crystallization process. Divergence indicates moments 
when changes in one part of the system affect other parts, which is essential for accurately 
predicting the system's behavior. Considering the delay time helps adjust the control system 
to compensate for these delays and ensure stable operation of the vacuum apparatus. Overall, 
analyzing changes in velocity and acceleration based on the deformation gradient provides a 
deeper understanding of the dynamic characteristics of the process. This allows for the 
optimization of control parameters and improves the efficiency of sugar crystallization. 
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Figure 8. Speed and acceleration as components of the time constant and delay time for the 
deformation gradient at 25% and 35% from initial loading of the apparatus, based on data 

presented in Figures 3 and 4.  
 

 
Figure 9. Speed and acceleration for 25% and 35%from initial loading of the apparatus, based 

on data presented in Figures 3 and 4 and constant process temperature values. 
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Thus, the velocity and acceleration of the deformation gradient can provide insights into 
the time constant and delay time of an object in an automated control system. The rate of 
change of parameters indicates the time constant, as it characterizes the system's response 
speed, while acceleration can highlight dynamic aspects related to delays in the system's 
response. However, accurately defining these characteristics requires a more detailed 
analysis of the system and its dynamic properties. 

Using the deformation gradient and tensor, continuity equations, and balance equations 
allows for more precise modeling of complex physical processes. This is particularly 
important for the crystallization process, where it is necessary to consider thermodynamic 
and physicochemical features. These advantages in calculating parameters such as the time 
constant, amplification factor, and delay time provide better regulator settings to maintain 
the desired technological process in sugar crystallization. This is mainly due to accounting 
for temperature changes and the crystallization kinetics of dry substance content in the 
solution and massecuite. 

However, models based on continuity equations and deformation gradients are much 
more complex and require more computational resources to solve. This can be problematic 
in real-world applications, especially for large systems. This complexity explains the use of 
tensor approaches for description and calculation, which allow processing significant 
amounts of data and information. 

 
 
Conclusions 

 
1. Strain gradients constructed on the basis of vectors including information on dry 

matter content and temperature can provide a complete picture of the crystallization 
process in a vacuum apparatus. This allows to model and control the process more 
accurately, providing effective management and optimization of the process. 

2. The obtained values of the divergence of the deformation gradient as input parameters 
for the controller make it possible to evaluate and respond to changes in 
concentrations and temperature, regulating the processes to achieve the desired 
crystallization conditions. In an automated control system, such an indicator can be 
used to adjust control algorithms in order to stabilize the process or optimize 
crystallization conditions. 

3. The divergence of the deformation gradient ∇ ⋅ ࡲ  can be used as an indicator of 
changes in the internal state of the system and considered as a gain factor in an 
automated control system. This allows taking into account the rate of change of system 
parameters, such as solids content and temperature, and adjusting control mechanisms 
accordingly for optimal control of the crystallization process. 

4. Velocity and acceleration, as position-time derivative and velocity-time derivative, 
respectively, allow real-time process control and correction, which is critical for 
achieving a stable and efficient crystallization process. 

5. The rate and acceleration of the deformation gradient, constructed on the basis of data 
on the content of solids in the massecuite, the content of solids in the solution and the 
temperature of the crystallization process, are information about the time constant and 
the delay time of the object in the automated control system.  
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