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 Abstract 
  

Introduction. The purpose of the research is to analytically 
determine the parameters of the separation of two characteristic 
modes of heat transfer to the boiling film under the condition of 
its cyclic mixing by large waves, which takes place in the long 
pipes of film evaporators of the sugar industry. 

Materials and methods.  Analytical methods of analysis of 
heat transfer processes in flowing laminar and turbulent films of 
liquids during vaporization are applied in the study. 

Results and discussion. Mathematical modeling of the 
temperature field in a liquid flowing down the vertical surface of 
a boiling film with a developed wave structure in the presence of 
an accompanying vapor flow at the time of the appearance of a 
temperature gradient at the film-vapor interfacial surface was 
carried out. The perturber of cyclic temperature fluctuations in the 
film in long channels are large low-frequency waves that roll 
along the interfacial surface. The limiting curve for separating 
heat transfer modes in the film is obtained on the basis of the 
approximate solution of the differential equation of heat 
conduction with a convective term for both laminar and turbulent 
modes of film motion using the algebraic form of dependence for 
turbulent viscosity in the film provided under the condition of zero 
temperature gradient on the surface of the film. As a result of 
solving the problem, an analytical expression was obtained, which 
is the initial condition of the boundary value problem of heat 
transfer in a boiling film, which arises at the moment of stirring 
the film by a large  wave. It was found that with a change in the 
volume density of irrigation from 0.0001 to 0.0005 m2/s, the 
length of the film run, during which the heat exchange mode 
changes, is 50–140 mm for laminar films and 10–35 mm for 
turbulent films, respectively. 

Conclusions. From the equations of convective heat 
conduction for laminar and turbulent films under the condition of 
zero temperature gradient on the surface of the film, expressions 
are obtained that are the initial conditions of the boundary value 
problem of heat exchange in a boiling film, which occurs at the 
time of mixing of the film by a large wave. 
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Introduction 
 
Transfer processes in flowing films of liquids with interaction with a gas (vapor) flow 

are characterized by high intensity due to the powerful interaction of the gas flow with the 
surface of the film covered by a complex system of surface waves. In addition, film processes 
are fast-moving, which is especially important in the processes taking place in heat and mass 
exchange devices of the food industry, where the determining factor in improving the quality 
of products during their heat treatment in evaporation devices is a short stay in the zone of 
elevated temperature. 

Considering the variety and complexity of the structural forms of surface waves, which 
have a decisive influence on the intensity of transfer processes in films, a large number of 
works are devoted to the study of wave characteristics of films and modeling of thermal-
hydrodynamic processes in films. But the majority of them are devoted to the analysis of 
thermohydrodynamic processes in films on short sections of pipes, where the wave structure 
is formed by a system of high-frequency capillary waves on the surface of laminar films of 
water (Dietze et al., 2014; Lel et al., 2015) and viscous liquids (Gourdon et al., 2015). 
Turbulence in films has also been studied on short sections and has a specific structure 
associated with the damping of turbulent pulsations by the interfacial surface (Mascarenhas 
et. al., 2013). There is a limited number of experimental and theoretical works on the study 
of heat transfer and hydrodynamics of film flows in long pipes, where the structure of large 
low-frequency waves is formed (Kostoglou et al., 2010; Malamataris et al., 2008). However, 
the large waves that are formed at a distance of 1.5–3 m from the entrance play a decisive 
role in the processes of heat exchange in long steam-generating channels. Since the speed of 
the large waves exceeds the speed of the interphase surface of the film (by 2.5–1.5 times 
depending on the Re number), and their amplitude is 2–3 times greater than the average 
thickness of the film, deformed large waves act on the film like a bulldozer, rolling over the 
interfacial surface. It was established that a large wave during its movement has a central 
vortex (Demekhin et al., 2005), due to which the film is mixed during its movement of the 
wave. Taking into account the above, the following mechanism of heat exchange in the 
presence of large waves appears: at the moment of the passage of a large wave, the mass of 
liquid superheated relative to the saturation temperature moves from the wall layer to the 
interphase surface, where, as a result of self-evaporation, it cools to the saturation 
temperature. In the time interval between the passage of two large waves, two successive 
processes take place: the first begins immediately after mixing the film and continues until 
the state when the temperature wave reaches the interphase surface; the second begins from 
the moment of the appearance of a positive temperature gradient on the interphase surface 
and, accordingly, is manifested by the beginning of evaporation. The intensity of evaporation 
increases with the growth of the temperature gradient on the interfacial surface and this 
process continues until the next big wave passes. The limit state of the heating of the film in 
the second period is a temperature curve that corresponds to the steady mode of heat 
exchange, but this state, due to the significant frequency of passing waves (7–10 Hz), is not 
reached. 

Thus, taking into account the development of the temperature field along the surface of 
the heat exchange, the temperature profile in the period between the passage of large waves 
can be obtained from the equation of convective heat conduction, in which, under the laminar 
regime of motion of the film, the convective term is written in the form of a parabolic velocity 
profile 
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and for turbulent –  in the form of a power equation: 
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where x and y are the longitudinal and transverse coordinates, respectively; i is a shear  
stress on the interfacial surface of the film; t is a temperature;   is an average film thickness; 

,   – kinematic viscosity, liquid density, respectively; g  – acceleration of free fall; iu – 

velocity of the liquid in the film on the interfacial surface; ,l ta a – molecular and turbulent 
thermal conductivity, respectively.  

The exponent n  varies  from 1/5 to 1/7 depending on the Reynolds number (irrigation 
density). Turbulent thermal conductivity ta , which is included in equation (2), is determined 

through turbulent viscosity t , since these parameters are related by the equation 
Pr
Pr

t t

l t

a
a




 , 

where Pr, Prt  are the molecular and turbulent Prandtl numbers, respectively. 
A list of the main dependencies for the algebraic form of relations for turbulent viscosity 

in flowing films of liquids is given in (Mascarenhas et. al., 2013). Among the latest relations 
proposed in the literature for the algebraic form of turbulent viscosity for film flows with 
accompanying vapor flow in vertical evaporation channels is the relation (Petrenko et al., 
2020) 
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 – the Weber number; 2u – steam core velocity; 2 – density of steam;  – 

surface tension; od = 0,02 m. 
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Ratio (3) is correct in the range 250We    for pipes with diameters from 20 to 32 mm 
(investigated range).  

Graphical interpretation (3) for different phase costs is shown in Fig.1 
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Figure 1. Dependence  t f





  on the ratio (3) for water 

at  t = 100 оС, d = 0,02 m and  u2 = 10 m/s; 
1 –  Re = 1356; 2 –  4068; 3 –  6780. 

 
 
Boundary conditions (on the heat exchange wall ( 0у  ) and the interphase surface            

( у  ) for the first period: 0у  , wt t ;  у  ,  0t
y





 and initial conditions mx x , 

 ,mt t x y . For the second period, the boundary conditions are: 0у  , wt t ;  у  , 

satt t ,  and initial conditions mx x ,  ,mt t x y  . The index "w" refers to the wall, "sat" 
– the state of saturation; "m" corresponds to the transition conditions from period 1 to period 
2. The function  ,mt x y  is a solution of equations (1, 2) (depending on the mode of motion 

of the film) at the moment when 0y
t
y 





. Equations (1, 2, 3) with the given boundary 

conditions make it possible to obtain the temperature distribution for both the first and second 
periods of the development of the temperature field in the film.  

 
This work is devoted to the determination of the longitudinal coordinate mx  under 

which the condition is met 0y
t
y 





 and the obtaining of the boundary temperature curve 

under these boundary conditions for laminar and turbulent films   ,mt t x y , which is the 
curve separating the two regimes of heat exchange in boiling films. 

 
 
Materials and methods   

 
The paper examines the parameters of distinguishing two modes of heat exchange in 

the model of heat exchange in boiling liquid films with a developed structure of large waves.  
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Research methods – analytical research based on the equations of convective heat 
conduction, using empirical coefficients in the ratio for turbulent viscosity, obtained based 
on the analysis of experimental data from the study of heat exchange processes in turbulent 
films (Petrenko et al., 2020).  

The range of changes in regime parameters in which the obtained research results are 
correct is determined by the range of changes in parameters for which the empirical 
coefficients in the relation for turbulent viscosity were obtained (Petrenko et al., 2020) and 
is: the volumetric liquid flux varied in the range of 0,05–0,55x10-3 m2/s. Steam speed 0–35 
m/s, pipe diameter 20–34 mm; the length of the pipes is 1,5–9 m. 
 

 
Results and discussion  
 
Schematically, the temperature and velocity profiles in the film before and after the 

passage of a large wave are shown in Figure 2. 
 

       

bw

 
                                    a                          b                           
 
Figure 2. Scheme of the movement of a large wave on the surface of a turbulent film: 

a – velocity and temperature profile before the passage of a large wave; b –  after. 
c –  phase speed of large waves; bw  – length of large waves, accordingly. 

 
    

Laminar mode of motion of the liquid film 
 
We assume that in the laminar mode of motion at the time of appearance of the 

temperature gradient 
1η

θ
η 




 at the interphase boundary, the film travels the distance at which 

the velocity profile becomes parabolic or close to it. Then the convective heat transfer 
equation (1) in the presence of shear stress on the interphase surface i  in dimensionless 
form will be written as 
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where     sat
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
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 – the dimensionless temperature; y



 , x



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dimensionless transverse and longitudinal coordinates.  
 
The task of finding the coordinate where the two modes of heat exchange in the film are 
separated during vaporization is formulated as follows. A liquid film flows down a vertical 
surface and is uniformly heated to the saturation (boiling) temperature satt . The temperature 
of the heat exchange surface, along which the film flows, instantly increases to wt . Let's find 
the longitudinal coordinate m , or the distance covered by the film, at which the temperature 
profile will develop to the state at which a temperature gradient will appear on the interfacial 

surface of the film 
1

0
η

θ
η 





.  

It can be solved (4) using an approximate method. To do this, replace the left part of (4) 
with the average value 
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Given that the average speed is defined as 
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and the film thickness and the average velocity are related by a cubic equation 
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equation (4) takes the form 
2

2

( , ) ( , )
4

Pe      
 

 


 
,                                               (6) 

where 
4 4v

l l

G uPe
a a


  – the Peclet number; vG – volumetric liquid flux. 

Double integration (6) under boundary conditions 

0  , ;     1  ,  0






,                                         (7) 

gives 

1
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It was found the derivative 
 avθ ξ

ξ



 from the expression for the average temperatureθav , 

which we give as mass average 
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Integration (9) gives 
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where  
25 16

80 3 2
i
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


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.    

Integrating the differential equation (10) under the initial condition: ξ = 0 , 0av  , we 
obtain an expression for the average temperature 

1 expav D
     

 
.                                                  (11) 

Differentiating (11) and substituting the derivative of  (11) 
 avd

d
 


 into (8), we obtain the 

temperature distribution in the film at m  , which is the boundary curve between the first 
and second characteristic regimes of heat exchange in the film 
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The graphic interpretation of (12) is shown in Figure 3. 
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Figure 3. Graphic representation of the limiting temperature curve (12) at: 
30,5 10Gv   m2/s; 2 20u  m/s; 2,7i   N/m; 30, 256 10   m. 



─── Processes and Equipment ─── 

─── Ukrainian Food Journal.   2023.  Volume 12. Issue 1 ─── 121

The coordinate m  is determined from (12) under the condition that when m   the 
dimensionless temperature is zero, (  1, 0m   ) 

ln
8m
Peξ D
D

   
 

.                                                      (13) 

 

With free flow ( 0i  ) 
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, and the expression (13) for m  takes 

the form 
 

5ln ln 0 0223
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Actual (physical) distance when defined as 
 

m mx ξ δ . 
 
The thickness of the laminar film during free flow on a vertical surface is defined as 
 

3
3 vG ν

δ
g

 , 

and in the presence of accompanying steam (gas) flow – as a result of solving the cubic 
equation (5). The results of dimensionless distance m  and physical length mx  calculations 
for different vapor core velocities are shown in Figure 4. 
 

100

1

1
2

3
4

3 5

300

700

500

10-4 10-4 10-4. . .
Gv m2 s,

m

       

100

50

1

2

3
4

150

mm

Gv
110-4. 3 10-4. 5 10-4.

m2 s,

mx ,

 
 

 
Figure 4. Dependence of the dimensionless m  (a) and physical  mx  (b) length overcome by a 
laminar film, at which the heat transfer regimes to the film change from the volumetric liquid 

flux vG . 
u, m/s: 1 – 15; 2 – 25; 3 – 35;  

4 – free flow. 
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Turbulent mode of motion of a liquid film 
 

For the turbulent motion of the film, we give the convective heat conduction equation 
(2) in dimensionless form 
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By replacing the left side of equation (15) with the average value 
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 , expression (16) will be rewritten in the form 
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The boundary and initial conditions under which the boundary temperature curve in the 

film is located are similar to the laminar flow regime of the film (7) 
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We give the turbulence function in the film in the form (3) 
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Provided that Pr 1t  , expression (18) taking into account (19) will be rewritten as 
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and its integration under boundary conditions 0  ,  gives 
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P H PArth Arth
H H P А АPe

H P PArth Arth
P B B H H




 
  




    
               

                

,       (20) 

 
where 24H P P  ;    1/ 2 1/ 24A P P P P       ;      1/2 1/ 24B P P P P       ;

PrmP  . 
 

The derivative 
 avθ ξ

ξ



 is unknown. The average temperature, which is included in 

equation (20) and which is subject to determination, is defined as average mass 
 

     
1 1 1

5

0 0

6, ,
5av

u
d d

u


            .                            (21) 

 
There is no analytical expression for the integral (21), but assuming the fullness of the 

velocity profile, with a certain approximation with respect to the average temperature             
 av  , we apply the simplification 

       
1 1

0 0

, ,av

u
d d

u


            .                           (22) 

 
Then as a result of integration (22) we get: 

 

1
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             
 

      
                

                             

, 

 

 where    2a P PH  ; 2b P PH  . 
 
Denoting the expression in square brackets as 
 

 
   
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2 2
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 

     
          

    
                             

, 

 
we come to the differential equation 
 

1 av
av

dS
d





  , 

 
solution of which, under the initial condition 0  ; 0  , gives an expression for the 
average temperature     

1 expav S



        

. 

Derivative from av to   
1 expavd

d S S
 


    
 

. 

 
By substituting the obtained derivative into the original equation, we obtain the limiting 

curve  ,m m    at the distance m , at which the condition 0





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                 

                 

     (23) 

 
A graphic representation of the obtained function  ,m m   is shown in Figure 5. 
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Figure 5. Graphic representation of the limiting temperature curve (23) from the dimensionless 

transverse coordinate  m f   with the parameters:  

10P  , 12000Pe  . 
 

The coordinate m  for which 0

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


 is found from the condition 1  ,  1, 0m    
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. 

 
Denoting the expression in square brackets as K 
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               

, 

 
we will get the ratio for calculation m  in the turbulent mode of motion of the film 
 

4lnm
SS

Pe K


 
  

 
.                                                     (24) 
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The graphical interpretation of (24) is shown in Figure 6. 
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Figure 6. Dependence of the dimensionless m  length overcome by a turbulent film, at 

which the heat transfer regimes to the film change from the volumetric liquid flux vG : 
1 – free flow; 

u, m/s: 2 – 15 m/s; 3 – 25; 4 – 35. 
 

To obtain the physical length of the boundary of the zones mx  under the turbulent 
regime, it is necessary to determine the thickness of the film from the equation of motion 
using the dependence for turbulent viscosity (3) 
 

   
2

2 41 1i
m

g du
d

  
   

  
       .                                 (25) 

 
From (25) under boundary conditions 0, 0u   , we obtain the velocity profile  
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               (26) 

Where 24 m mh    ; 2
m mj h   ; 2

m mr h   ; 

 2 21 1m mn Arth Arth
r r j j
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             

. 

The average speed   
1

0

u ud   is obtained from (26): 
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.            (27) 
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The thickness of the film   and the average speed u are related to the volumetric 

liquid flux vG  by dependence vG
u

  . Whence the expression for the average thickness of 

the film takes the form of a cubic equation 
 

 
2 3

i
v

gG D D h B
h

  
 

 
   
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,                                          (28) 

where  
2 2 22 1 12
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           

. 

 
In the case of free flow ( 0i  ), the film thickness is directly from (28) 
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Figure 7. Dependence of the  physical  mx   length overcome by a turbulent film, at which the 

heat transfer regimes to the film change from the volumetric liquid flux vG : 
1 – free flow; u2, m/s: 2 – 15; 3 – 25; 4 – 35. 

 
Regarding the distance covered by the film during the period between the passage of 

two large waves. The phase speed of the large wave c exceeds the average speed of the film 
u , so a selected section of the film moving at speed u  will be crossed by the next wave in 
time   at a distance of  х  . 

bw

c u


 


, 

where , bwc  –  face velocity and length of large waves, respectively.  



─── Processes and Equipment ─── 

─── Ukrainian Food Journal.   2023.  Volume 12. Issue 1─── 128

The distance x  covered by the film in time  , moving at speed u , between the crests 

of large waves is equal to 

  1

bw

bw
bw

u uс cx u
cc u f c u f
u


   

    
 

  ,                             (30) 

where bwf  – is the frequency of large waves. The quantities , ,bw bwc f  are functions of 
irrigation density, interfacial tangential stress, and channel geometry. According to data 
known from the literature, the phase speed exceeds the average speed of the film by 2.5– 1.5 
times, and the length of large waves bw  in long pipes is 100–140 mm, depending on the 
density of irrigation. If we take the average value of the phase speed 2с u , we get the 
distance covered by the film during the passage of two large waves, which, according to (30), 
is equal to the wavelength of bwx  . Thus, since m bwx   two modes of heat exchange are 
realized during a wave cycle on the entire gap of the film surface between two large waves. 
The initial condition for finding the temperature profile in the second period is equation (12) 
for laminar and (23) for turbulent film motion modes. 

 
 

Conclusions 
 

1. The obtained relations (13) for the laminar flow and (24) for the turbulent flow allow 
us to calculate the length of the film movement between two large waves up to the limit 
( m   ), at which the character of the heat transfer to the boiling film changes – from 
the heating mode to the saturation state on the interfacial surface to the evaporation 
mode with of the interfacial surface with an increase in the heat flux in the process of 
movement to the steady state. 

2. As a result of solving the convective heat conduction equation with the boundary 

conditions  0  , ;   1  ,  0






  and the initial condition: ξ = 0 , 0av  , 

obtained solutions for laminar (12) and turbulent (23) flows, which are the initial 
conditions for the equation of convective heat conduction in the second period of 
development of the temperature field in the film at m  . 

3. The parameter mx  for the turbulent flow is not very sensitive to changes in the velocity 
of the vapor core, since as the film thickness decreases due to the dynamic action of the 
flow core on the film, the intensity of turbulence in the film also decreases. 
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